Abstract. A theorem due to Cartan asserts that every origin-preserving automorphism of bounded circular domains with respect to the origin is linear. In the present paper, by employing the theory of Bergman's representative domain, we prove that under certain circumstances Cartan's assertion remains true for quasi-circular domains in C n . Our main result is applied to obtain some simple criterions for the case n " 3 and to prove that Braun-KaupUpmeier's theorem remains true for our class of quasi-circular domains.
1. Introduction 1.1. Backgrounds. Throughout this article, we assume that domains are bounded and contain the origin. Let m 1 , . . . , m n be positive integers such that gcdpm 1 , . . . , m n q " 1 and m 1 ď¨¨¨ď m n .
Definition 1.1. A domain D Ă C
n is a called quasi-circular domain with weight pm 1 , . . . , m n q (or a pm 1 , . . . , m n q-circular domain) if it is invariant under f m,θ : D Ñ C n , pz 1 , . . . , z n q Þ Ñ pe im1θ z 1 , . . . , e imnθ z n q.
In particular, if m 1 "¨¨¨" m n " 1, then it is called circular.
Let us denote the isotropy subgroup of the holomorphic automorphism group AutpDq by Iso p pDq: Iso p pDq :" tf P AutpDq : f ppq " pu.
There is a remarkable result due to Cartan concerning the structure of Iso p pDq. Theorem 1.1. If a domain D is circular, then every automorphism f P Iso 0 pDq is linear (i.e. Iso 0 pDq Ă GLpDq).
In [14] , it is proved that Iso 0 pDq Ă GLpDq for quasi-circular domains in C 2 such that 2 ď m 1 ď m 2 . This answered the above problem for n " 2. In this article, we continue our previous work. More precisely, we introduce a certain class of weights L n for quasi-circular domains in C n and prove the linearity of origin-preserving automorphisms.
Remark 1. After the main part of this work was finished, the author came to know about Rong's preprint [11] . His result states that if f " pf 1 , . . . , f n q is an originpreserving automorphism of a quasi-circular domain in C n , then the degree of f is less than or equal to the resonance order. Therefore our problem is equivalent to find a class of weights which implies the resonance order µ " 1.
Remark 2. In Bell's paper [1] and Berteloot-Patrizio's paper [2] , Cartan theorem was generalized for proper mappings between bounded circular domains in C n 1.2. Comments on our approach. As is well-known, Theorem 1.1 is usually shown as a consequence of the following theorem, which is also due to Cartan: Theorem 1.2 (Cartan Uniqueness Theorem). Let D be a bounded domain and f : D Ñ D be holomorphic such that f ppq " p for some p P D and the Jacobian matrix of f at p is the identity matrix (i.e. Jacpf, pq " id). Then f is the identity mapping of D.
This theorem also holds when D is hyperbolic (cf. [8] ). However we face the difficulties to prove this kinds of theorems without boundedness or hyperbolicity. Thus, to determine whether or not Theorem 1.1 holds for a given non-hyperbolic domain is nontrivial question.
A notable aspect of the importance of our approach is that one can bypass this difficulty. Indeed, it is observed in our previous paper [7] that Theorem 1.1 remains true for any circular domains whenever "the Bergman mapping" is welldefined. Although it is a simple observation from Ishi-Kai's paper [4] , it appears not to have been noticed by many mathematicians. Moreover this observation gives us an unbounded non-hyperbolic example D n,m for which Theorem 1.1 remains true:
Here D n,m is called the Fock-Bargmann-Hartogs domain in [13] . The above observation is applied to the following studies: ‚ an explicit description of the automorphism group of D n,m [7] , ‚ rigidity properties of proper holomorphic mappings for D n,m [12] . It would be desirable to give a non-hyperbolic quasi-circular example for which Cartan theorem holds and the automorphism group is explicitly computed. Unfortunately, we do not have any such examples at the time of writing this paper. To find a such example is interesting problem and it will be investigated in the future research.
1.3. Outline of this paper. Before moving to the next section, let us pause to explain an outline of our argument.
(i) By using the theory of representative domain (Proposition 2.2), we reduce Problem 1 to the study of "the Bergman metric tensor" T D . More precisely, it is reduced to find a class of weights such that T D pz, 0q " T D p0, 0q (Problem 2).
(ii) In Section 3.1, we introduce a class of weights L n for quasi-circular domains in C n . (iii) For any quasi-circular domains, it is proved that the upper triangular entries of T D pz, 0q are constants. To show that the remaining entries are constants, we use some properties of the class L n . (iv) By (i) and (iii), it is proved that Cartan's theorem remains true for our class of quasi-circular domains. It is known by Kaup that if two quasi-circular domains are biholomorphic then there is a biholomorphism fixing the origin. Using this fact, we also prove that Braun-Kaup-Upmeier's theorem also remains true for our cases. As an application of our theorem, three-dimensional cases are further studied.
Definitions and basic facts
Let us begin our study with basic definitions. Let D Ă C n be a domain and A 2 pDq be the space of square integrable holomorphic functions on D. Define an nˆn matrix T D pz, wq by
The matrix T D pz, zq is positive definite for any z P D when D is bounded. In the following, we denote for simplicity
We next introduce another important class of domains by using the matrix T D (see also [15, Theorem 2.2] ).
These two important class of domains have been studied by various authors (see [5] , [9] , [10] , [15] and references therein). Let us prepare some facts on these class of domains. The first fact is the minimality of the quasi-circular domains. In [14] , we proved this proposition for n " 2. Although the same proof works for any n P Z`, we give a proof for the sake of completeness.
Proposition 2.1. Every bounded quasi-circular domain in C n is minimal with the center at the origin.
Proof. Let us first recall the transformation formula of the Bergman kernel under any biholomorphism f between two domains D, D 1 :
Applying this formula to D " D 1 and f " f m,θ , we obtain
. . , 0q, we conclude that a k " 0 except the constant term and thus K D pz, 0q " K D p0, 0q as desired.
The next assertion states the linearity of origin-preserving biholomorphisms between minimal representative domains. 1 is an origin-preserving biholomorphism of two minimal representative domains with the center at the origin, then we have σ
For details of these facts, we refer the reader to [4] and [14] . For instance, every bounded circular domain is a minimal representative domain with the center at the origin. This fact, together with Proposition 2.2, gives us another proof of Theorem 1.1 without Cartan Uniqueness Theorem (cf. [4] ).
On the other hand, quasi-circular domains are not representative domains in general. Thanks to these propositions, our problem is reduced to the following problem:
Problem 2. Find a class of weights of quasi-circular domains D such that T D pz, 0q " T D p0, 0q for any z P D.
We conclude this section with a remark on T D .
Remark 3. As we proved in Proposition 2.1, every bounded quasi-circular domain D is minimal with the center at the origin. In other words, the Bergman kernel K D has a property K D pz, 0q " K D p0, 0q. Moreover it is well-known that K D p0, 0q ą 0. Thus the Bergman kernel K D pz, 0q is zero-free for any z P D and T D pz, 0q is welldefined for any z P D.
Main results

Quasi-circular domains in C
n . In the following, for simplicity of our argument, we always assume that the weight pm 1 , . . . , m n q of a quasi-circular domain satisfies m 1 ă¨¨¨ă m n . Let us define the set I 
where M P Z`and k 1 , . . . , k ℓ P Z ě0 . The matrices pr 2 k,m,1 q 0ďk1,k2ď2 and pr 2 k,m,2 q 0ďk1,k2ď2 are given as follows: Example 3.2. Let us consider the weights pm 1 , m 2 , m 3 q " p3, 5, 7q, p4, 5, 7q. For these weights, we can easily check the conditions (a),(b'). The followings are quasicircular domains with these weights. 
Example 3.4. In the case of the weight of the form p3, 5, m 3 q, there is the integer m 3 " 7 such that p3, 5, m 3 q P L 3 with N " 1. On the other hand, there does not exist an integer m 3 such that p3, 5, m 3 q P L 3 with N " 2. Indeed, I From these examples, it is appropriate to ask the following problem. This problem will be studied in Section 3.2. Now let us prove the following theorem which gives an answer to Problem 1. Comparing each entry, we have
Let us check that these relations imply our conclusion.
Using a similar argument of Proposition 2.1, we see that K ii pz, 0q " K ii p0, 0q for any 1 ď i ď n.
Consider the relation (2). Putting K ij pz, 0q " ř a k z k , we see that (2) is equivalent to a k " e itpmj´miq`ř n r"1 mrkr uθ a k . The origin is the unique fixed point of the rotation mapping r θ : z Þ Ñ e iθ z for θ ‰ 0. By definition, we see that m j´mi ą 0 and thus m j´mi`ř n r"1 m r k r ą 0 for any 1 ď i ă j ď n. These facts tell us that K ij pz, 0q " K ij p0, 0q for any 1 ď i ă j ď n.
Let us consider the remaining case (3). Using again the Taylor expansion, we put K ji pz, 0q " ř a k z k . Then the relation (3) implies that
Moreover it is easy to see that the exponent c pi,jq k,m " pm i´mj q`ř n r"1 m r k r is a non-zero constant for any k j ě 1, k ℓ ě 0, 1 ď ℓ ď n, ℓ ‰ j.
Putting k 2 " 0, we see that the condition c p1,2q
k,m " 0 is equivalent to
The assumption m 1 ă m 2 ă¨¨¨ă m n gives us k 3 "¨¨¨" k n " 0. Thus (4) is reduced to m 1 pk 1`1 q " m 2 . By the condition pm 1 , m 2 q P L 2 we know that m 1 pk 1`1 q ‰ m 2 for any k 1 ě 0. Applying a similar argument to c pi,jq k,m , we find that c pi,jq k,m " 0 is equivalent to
In other words, it is equivalent to r Remark 4. In the proof of the theorem, The assumption of L n is used only for the case (3). In other words, the upper triangular entries of T D pz, 0q are constants for any bounded quasi-circular domains
We also remark that the exponent m j´mi`ř n r"1 m r k r ą 0 is a non-zero integer when k 1 "¨¨¨" k n " 0. Thus it follows that K ij pz, 0q " K ij p0, 0q " 0 for 1 ď i ă j ď n.
It is known that if two bounded quasi-circular domains D and D 1 are biholomorphic then there is a biholomorphic mapping f such that f p0q " 0 (see the proof of Folgerung 1 in Kaup's paper [6] ). This fact and our main result give us the following corollary:
1 Ă C n be bounded quasi-circular domains whose weights are in L n . Then they are biholomorphic if and only if they are linearly equivalent.
This corollary states that the following theorem due to Braun, Kaup and Upmeier remains true for our cases (cf. [3] ):
1 Ă C n be circular domains. Then they are biholomorphic if and only if they are linearly equivalent.
3 . Let us turn to the case n " 3. By using the conditions (a), (b'), we obtain the following criterion for the linearity. In particular, if pp 1 , p 2 q is a twin prime pair, then we have the following: The next theorem tells us how many integers in the interval pm 1`m2 , 2pm 1`m2satisfy pm 1 , m 2 , m 3 q P L 3 for given numbers m 1 , m 2 . In the following, we denote, as usual, by t u and r s the floor function and the ceil function respectively. 
Proof. We first observe that
It implies that 0 ď k 2 ď 2 if r S 1 " trm 1 : r ě 2, 2pm 1`m2 q ą rm 1 ą m 1`m2 u, S 2 " trm 1`m2 : r ě 2, 2pm 1`m2 q ą rm 1`m2 ą m 1`m2 u,
By a similar argument, we can show that r Since 2pm 1`m2 q ą m 1`2 m 2 and 2m 2 ą m 1`m2 for any positive integers m 1 , m 2 , we have #S 3 " 1 and 1 ď #S 4 ď 2. Now we claim that S i X S i " H for any 1 ď i, j ď 4. Here we check only S 1 X S 4 " H and omit details of remaining cases. If S 1 X S 4 " H, then there exists r ě 2 such that rm 1 " 2m 2 or rm 1 " 3m 2 . Since the right hand side of rm 1 " 2m 2 is an even number and m 1 is an odd prime number, it is equivalent to r 1 m 1 " m 2 for some integer r 1 . In particular, we see that r 1 ‰ 1 by m 1 ă m 2 . It contradicts that m 2 is a prime number. We next consider the case rm 1 " 3m 2 . In this case, using the condition m 1 ě 5, we can conclude that rm 1 " 3m 2 with the same logic. It implies that S 1 X S 4 " H. Thus we have 
Moreover we have
For the second equality we use the following simple fact:
rxs`txu "´1, for any x R Z`.
Hence we obtain
Let us put S " tn P Z`such that m 1`m2 ă n ă 2pm 1`m2 q and n R I 2 m,2 u.
Then we have
This completes the proof of the theorem. In the proof of S i X S j " H for 1 ď i, j ď 4, the condition "5 ď m 1 " is only used for S 1 X S 4 " H. As we can see in Example 3.4, S 1 X S 4 " H is not true in general for m 1 " 3. Thus we need to deal with this special case separately. Now, suppose that m 1 " 3 and 3m 2 P S 4 . Putting r " m 2 , we easily see that rm 1 " 3m 2 and thus S 1 X S 4 " tm 1 m 2 u. Therefore we obtain #S " m 1`m2´5´Z 2m 2 m 1^,
for any prime number such that m 2 ě 5. In summary we have the following result for m 1 " 3: For the reader's convenience, we also give S for the first few cases. ‚ S " H if pm 1 , m 2 q " p3, 5q, ‚ S " t11u if pm 1 , m 2 q " p3, 7q, ‚ S " t16, 19u if pm 1 , m 2 q " p3, 11q, ‚ S " t17, 20, 23u if pm 1 , m 2 q " p3, 13q, ‚ S " t22, 25, 28, 31u if pm 1 , m 2 q " p3, 17q, ‚ S " t23, 26, 29, 32, 35u if pm 1 , m 2 q " p3, 19q, ‚ S " t28, 31, 34, 37, 40, 43u if pm 1 , m 2 q " p3, 23q, ‚ S " t34, 37, 40, 43, 46, 49, 52, 55u if pm 1 , m 2 q " p3, 29q.
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